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1. Introduction
The authors in [2,3,5,6,7,11] investigate congruences amongst the power series co-
efficients of a modular form f in a modular function t. These congruence relations
are similar to those satisfied by the Ape´ry numbers associated with the irrationality
of ζ(3). In [8], Peters and Stienstra show that the Ape´ry numbers
αn :=
n∑
j=0
(
n
j
)2(
n+ j
j
)2
arise as coefficients of the power series expansion of
f(z) =
η7(2z)η7(3z)
η5(z)η5(6z)
in
t(z) =
(
η(z)η(6z)
η(2z)η(3z)
)12
,
where
η(z) = q1/24
∏
n≥1
(1− qn), (q := e2πiz)
is Dedekind’s eta function. The following two examples are discussed by Osburn
and Sahu in [6].
1
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1.1. Example 1
Let
f =
η5(z)
η(5z)
= 1− 5q + 5q2 + 10q3 − 15q4 − 5q5 − 10q6 + 30q7 + 25q8 + . . .
and let
t =
η6(5z)
η6(z)
= q + 6q2 + 27q3 + 98q4 + 315q5 + 912q6 + 2456q7 + 6210q8 . . . .
Write
f =
∞∑
n=0
bnt
n = 1−5t+35t2−275t3+2275t4−19255t5+163925t6−1385725t7+11483875t8+. . . .
For all primes p, we have bℓpr ≡ bℓpr−1 mod p
r for all ℓ, r ∈ N.
1.2. Example 2
Let
f =
η4(z)η4(3z)
η2(2z)η2(6z)
= 1− 4q + 4q2 − 4q3 + 20q4 − 24q5 + 4q6 − 32q7 + 52q8 + . . .
and let
t =
η6(2z)η6(6z)
η6(z)η6(3z)
= q+6q2+21q3+68q4+198q5+510q6+1248q7+2904q8+ . . . .
Write
f =
∞∑
n=0
b˜nt
n = 1−4t+28t2−256t3+2716t4−31504t5+387136t6−4951552t7+65218204t8+. . . .
We have b˜n = (−1)
n
∑n
k=0
(
n
k
)2(2k
k
)(
2(n−k)
n−k
)
. For all primes p ∤ 6, we have
b˜ℓpr ≡ b˜ℓpr−1 mod p
r for all l, r ∈ N.
In this paper, we prove that the examples above and in [6, Tables 2–3] are all
members of infinite families (which are given in Theorem 1.1 and Theorem 1.6).
Fix an integer N ∈ N and a Dirichlet character ǫ modulo N . Let Γ0(N) :=
{
(
a b
c d
)
∈ SL2(Z)|c ≡ 0 mod N}. Let M !0(Γ0(N), ǫ) and M0(Γ0(N), ǫ) be respec-
tively the space of weakly holomorphic modular functions and the space of mero-
morphic modular functions on Γ0(N) with character ǫ. For an integer k ∈ Z, let
Mk(Γ0(N), ǫ) be the space of modular forms on Γ0(N) with character ǫ, and let
Ek(Γ0(N), ǫ) be its Eisenstein subspace. Let
M˜ !0(Γ0(N), ǫ) =M
!
0(Γ0(N), ǫ) ∩Q
[[
q, q−1
]]
and let
M˜0(Γ0(N), ǫ) =M0(Γ0(N), ǫ) ∩Q
[[
q, q−1
]]
.
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Similarly, let
M˜k(Γ0(N), ǫ) =Mk(Γ0(N), ǫ) ∩Q [[q]]
and let
E˜k(Γ0(N), ǫ) = Ek(Γ0(N), ǫ) ∩Q [[q]] .
For k > 0, N ∈ N, and ǫ a Dirichlet character modulo, we say that Mk(Γ0(N), ǫ)
satisfies (⋆) if
dim M˜k+2(Γ0(N), ǫ) < dim M˜k(Γ0(N), ǫ) + dim E˜k(Γ0(N), ǫ). (⋆)
For additional notation, see Section 2.
Theorem 1.1. Choose an integer N , a real-valued Dirichlet character χ modulo
N , and a positive integer k such that M˜k(Γ0(N), χ) satisfies (⋆). Let
t = q +
∞∑
n=2
anq
n ∈ M˜ !0(Γ0(N), ψ)
such that the zeros and poles of t are supported at the cusps, where ψ is any Dirichlet
character modulo N . Then there exists a non-zero f ∈ M˜k(Γ0(N), χ) such that when
we write
f =
∞∑
n=0
bnt
n,
we have
bℓpr ≡ bℓpr−1 mod p
r
for all but finitely many primes p described in Table 1 and for all ℓ, r ∈ N.
Remark 1.2. By dimension formulas [4, p. 85-92], condition (⋆) is satisfied by all
integers N , Dirichlet characters χ modulo N , and positive integers k in Table 1.
Corollary 1.3. Choose an integer N = 2, 3, 5, 7, or 13, a real-valued Dirichlet
character χ modulo N , and a positive integer k such that
dim M˜k(Γ0(N), χ) = dim M˜k+2(Γ0(N), χ).
Let
t = q +
∞∑
n=2
anq
n ∈ M˜ !0(Γ0(N), ψ)
such that the zeros and poles of t are supported at the cusps, where ψ is any Dirichlet
character modulo N . Then there exist non-zero f1, f2 ∈ M˜k(Γ0(N), χ) such that
when we write
f1 =
∞∑
n=0
b1,nt
n,
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and
f2 =
∞∑
n=0
b2,nt
n,
we have
b1,ℓpr ≡ b1,ℓpr−1 mod p
r
and
b2,ℓpr ≡ χ(p)b2,ℓpr−1 mod p
r
for all but finitely many primes p and for all ℓ, r ∈ N.
Remark 1.4. The conditions of Corollary 1.3 are satisfied by the integers N ,
Dirichlet characters χ modulo N , and positive integers k found in Table 3.
We obtain Example 1 for primes p satisfying
(
p
5
)
= 1 from Theorem 1.1 by
choosing t = η
6(5z)
η6(z) and f =
η5(z)
η(5z) . We show how to obtain Example 1 for all primes
p in Section 5.4. We obtain Example 2 from Theorem 1.1 by choosing t = η
6(2z)η6(6z)
η6(z)η6(3z)
and f = η
4(z)η4(3z)
η2(2z)η2(6z) . See Section 5 for additional examples. See Table 2 for more
examples of modular functions t satisfying the hypotheses of Theorem 1.1.
Remark 1.5. When Γ0(N) is genus zero and N 6= 16, 18, 25, all the weakly holo-
morphic modular functions t that satisfy the conditions in Theorem 1.1 are products
of the Dedekind eta functions η(dz), d|N . To see this, we observe that qdttdq is a holo-
morphic modular form of weight 2 on Γ0(N). If N 6= 16, 18, 25, then the space of
modular forms of weight 2 on Γ0(N) is spanned by E2(z) − dE2(dz), d|N . This
implies that t is a product of η(dz) for d|N .
Theorem 1.1 produces many infinite families of modular forms f and modular
functions t such that the power series coefficients of f in t exhibit congruence
relations. However, the zeros and poles of tmust be supported at the cusps. Theorem
1.6 will produce infinite families of such modular forms f and modular functions t
without this restriction on t.
Theorem 1.6. From Table 3, choose an integer N , a Dirichlet character χ modulo
N , and a positive integer k. Choose any
g = q +
∞∑
n=2
gnq
n ∈ M˜k(Γ0(N), χ)
such that the zeros of g are supported at the cusps. There exist
f = 1 +
∞∑
n=1
fnq
n ∈ M˜k(Γ0(N), χ)
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Table 1. Levels, characters, weights, and primes
for Theorem 1.1
N χ Values of k Values of p
2 χ0 0 mod 2 p 6= 2
3 χ0 0 mod 2 p 6= 3(
•
3
)
1 mod 2
(
p
3
)
= 1
4 χ0 0 mod 2 p 6= 2(
−4
•
)
1 mod 2
(
−4
p
)
= 1
5 χ0 0 mod 4 p 6= 5(
•
5
)
2 mod 4
(
p
5
)
= 1
6 χ0 0 mod 2 p 6= 2, 3(
•
3
)
1 mod 2
(
p
3
)
= 1
7 χ0 0 mod 6 p 6= 7(
•
7
)
3 mod 6
(
p
7
)
= 1
8 χ0 0 mod 2 p 6= 2(
−4
•
)
1 mod 2
(
−4
p
)
= 1
9 χ0 0 mod 2
(
p
3
)
= 1(
•
3
)
1 mod 2
(
p
3
)
= 1
10 χ0 0 mod 4 p 6= 2, 5(
•
5
)
0 mod 2
(
p
5
)
= 1
12 χ0 0 mod 2 p 6= 2, 3(
•
3
)
1 mod 2
(
p
3
)
= 1
13 χ0 0 mod 12 p 6= 13(
•
13
)
6 mod 12
(
p
13
)
= 1
16 χ0 0 mod 2
(
−4
p
)
= 1(
−4
•
)
1 mod 2
(
−4
p
)
= 1
18 χ0 0 mod 2 p ≡ 1 mod 6(
•
3
)
1 mod 2
(
p
3
)
= 1
25 χ0 0 mod 4 p ≡ 1 mod 5
Table 2. Examples of weakly holomor-
phic modular forms of weight 0 for The-
orem 1.1
Subgroup t ∈ M˜ !0(Γ0(N), ψ)
Γ0(2)
η24(2z)
η24(z)
Γ0(3)
η12(3z)
η12(z)
Γ0(4)
η8(z)η16(4z)
η24(2z)
Γ0(5)
η6(5z)
η6(z)
Γ0(6)
(
η(2z)η(6z)
η(z)η(3z)
)6
Γ0(7)
η4(7z)
η4(z)
Γ0(8)
η2(2z)η4(8z)
η4(z)η2(4z)
Γ0(9)
η3(9z)
η3(z)
Γ0(10)
(
η(5z)η(10z)
η(z)η(2z)
)2
Γ0(12)
(
η(4z)η(12z)
η(z)η(3z)
)2
Γ0(13)
η2(13z)
η2(z)
Γ0(16)
η(2z)η2(16z)
η2(z)η(8z)
Γ0(18)
η(2z)η(3z)η2(18z)
η2(z)η(6z)η(9z)
Γ0(25)
η(25z)
η(z)
and t ∈ M˜0(Γ0(N)) such that when we write
f =
∞∑
n=0
bnt
n,
we have g = f · t and
bℓpr ≡ bℓpr−1 mod p
r
for all but finitely many primes p satisfying χ(p) = 1 and for all ℓ, r ∈ N .
We obtain Example 1 for primes p satisfying
(
p
5
)
= 1 from Theorem 1.6 by
choosing g = η
5(5z)
η(z) , choosing f =
η5(z)
η(5z) , and choosing t =
η6(5z)
η6(z) . See Section 8 for
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additional examples. For examples of g satisfying the hypotheses of Theorem 1.6,
choose A and B from Table 4 and an integer n such that g = A·Bn ∈ M˜k(Γ0(N), χ).
Table 3. Levels, characters,
and weights for Theorem 1.6
N χ Values of k
2 χ0 0 mod 4
3 χ0 0 mod 6(
•
3
)
3 mod 6
5 χ0 0 mod 4(
•
5
)
2 mod 4
7 χ0 0 mod 6(
•
7
)
3 mod 6
13 χ0 0 mod 12(
•
13
)
6 mod 12
Table 4. Examples of modular forms g = ABn for
Theorem 1.6
Subgroup χ A B
Γ0(2) χ0
η(2z)16
η(z)8
η(z)16
η(2z)8
Γ0(3) χ0 η(3z)
6η(z)6 η(z)
18
η(3z)6(
•
3
) η(3z)9
η(z)3
η(z)18
η(3z)6
Γ0(5) χ0 η(5z)
4η(z)4 η(z)
10
η(5z)2(
•
5
) η(5z)5
η(z)
η(z)10
η(5z)2
Γ0(7) χ0 η(z)
10η(7z)2 η(z)
14
η(7z)2(
•
7
)
η(z)3η(7z)3 η(z)
14
η(7z)2
Γ0(13) χ0 η(z)
24 η(z)
26
η(13z)2(
•
13
)
η(z)11η(13z) η(z)
26
η(13z)2
We begin with a few preliminaries in Section 2, and we prove the primary tool
for obtaining congruences in Section 3. In Sections 4 and 7, we prove Theorem 1.1
and Theorem 1.6. We give examples from these theorems in Sections 5 and 8 respec-
tively. In Section 6, we provide examples of other families of congruences obtained
via the method of Theorem 1.1. These additional examples were pointed out by the
referee, whom we would like to especially thank. There are many other examples
of families of modular forms and modular functions exhibiting similar properties;
however, no single paper can be exhaustive. We have included the examples in this
paper to show that congruences of coefficients of power series expansions of modular
forms in modular functions are not uncommon.
2. Preliminaries
Let H denote the upper half-plane. If f(z) is a meromorphic function with period
1 on H with Fourier expansion
f(z) =
∞∑
n=h
fnq
n,
then define
θf(z) :=
1
2πi
d
dz
f(z) =
∞∑
n=h
nfnq
n.
For a modular form or modular function f , let ν∞(f) be the order of vanishing of
f at ∞. Let
(
•
p
)
denote the Jacobi symbol and χ0 denote the principal Dirichlet
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character (whose modulus will be clear from context).
We can write an explicit basis for Ek(Γ0(N), ǫ) where ǫ is a Dirichlet charac-
ter modulo N . For further details, see [4, Chapter 4]. Suppose χ, ψ are primitive
characters with conductors L and R respectively. Let
Ek,χ,ψ(z) := c0 +
∞∑
n=1
∑
m|n
ψ(m)χ(n/m)mk−1
 qn
where
c0 =
{
−
Bk,ψ
2k if L = 1,
0 if L > 1
and Bk,ψ is the generalized Bernoulli number associated with ψ. If d is a pos-
itive integer and k ≥ 3 is an integer such that χ(−1)ψ(−1) = (−1)k, then
Ek,χ,ψ(dz) ∈Mk(Γ0(RLd), χψ). Moreover, givenN and ǫ, the series Ek,χ,ψ(dz) with
RLd|N and χψ = ǫ form a basis for Ek(Γ0(N), ǫ).
Suppose χ, ψ are primitive characters with conductors L and R respectively.
Further suppose d, k ∈ N and RLd|N . Let Ek,χ,ψ(dz) =
∑
enq
n, let p be any prime
not dividing d, and let ℓ ∈ N. If d|ℓ then
eℓpr − χ(p)eℓpr−1 =
∑
m| ℓ
d
χ
(
ℓ
md
)
ψ(mpr)mk−1pr(k−1) ≡ 0 mod pr. (2.1)
and if d ∤ ℓ then also
eℓpr − χ(p)eℓpr−1 = 0 ≡ 0 mod p
r. (2.2)
Remark 2.1. From Table 1, choose an integer N , a Dirichlet character ǫ modulo
N , and a positive integer k. The C-basis for Ek(Γ0(N), ǫ) described above is a
Q-basis for E˜k(Γ0(N), ǫ). The dimension of Mk(Γ0(N), ǫ) is also the same as the
dimension of M˜k(Γ0(N), ǫ).
Lemma 2.2. Suppose χi, ψi are primitive characters with conductors Li and Ri
respectively. Further suppose di, k,N ∈ N and RiLidi|N . Let {Ek+2,χi,ψi(diz)} be
the basis for Ek+2(Γ0(N), χ) described above. Suppose that
∞∑
n=0
cnq
n =
∑
i
αi
βi
Ek+2,χi,ψi(diz)
where αi, βi ∈ Z and gcd(αi, βi) = 1 for all i. Then for any prime p ∤
∏
i βidi
satisfying χi(p) = 1 for all i, we have
cℓpr ≡ cℓpr−1 mod p
r
for all ℓ, r ∈ N.
Proof. Let Ek+2,χi,ψi(diz) =
∑
enq
n. From (2.1) and (2.2), we have eℓpr ≡ eℓpr−1
mod pr for all ℓ, r ∈ N and for primes p ∤ di such that χi(p) = 1. Therefore, we have
cℓpr ≡ cℓpr−1 mod p
r.
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for all primes p ∤
∏
i βidi satisfying χi(p) = 1 for all i and for all ℓ, r ∈ N.
3. Tool For Obtaining Congruences
Following methods of [1,5,11], we prove a result which allows us to extend certain
congruences between related differential forms. Our result was proved by Jarvis and
Verrill in the case where the sum begins with n = 1 in (3.2). In [6] it is mentioned
that Stienstra has indicated that the result follows in the case where n = 0 by formal
group theory. We give a proof here for completeness. Define Z(p) be the localization
of Z at the prime p. For x ∈ Q, define ωp(x) to be the p-adic valuation of x.
Proposition 3.1. Let p be any prime. Let
t =
∞∑
n=1
anu
n ∈ Z(p) [[u]] (3.1)
be convergent in a neighborhood of u = 0 in R and let a1 be a unit in Z(p). Suppose
that in some neighborhood of u = 0 in R we have an equality of differential forms
given by
∞∑
n=0
bnt
n−1dt =
∞∑
n=0
cnu
n−1du (3.2)
with bn, cn ∈ Z(p) for all n. Then we have
bℓpr ≡ bℓpr−1(mod p
r) (3.3)
for all ℓ, r ∈ N if and only if
cℓpr ≡ cℓpr−1(mod p
r) (3.4)
for all ℓ, r ∈ N.
We start with a short lemma whose proof follows [11, Proposition 3.1].
Lemma 3.2. Let p be a prime. Given a sequence {αn}n=0 with αn ∈ Z(p) and a
differential form Ω(x) =
∑∞
n=0 αnx
n−1dx, the relation
αn − αn/p ≡ 0 mod p
ωp(n), n ∈ Z
is equivalent to the relation
Ω(x)−
1
p
Ω(xp) = dΨ1(x)
for some Ψ1(x) ∈ Z(p) [[x]].
Proof. Since
Ω(xp) =
∞∑
n=0
αnx
p(n−1)d(xp) = p
∞∑
n=0
αnx
pn−1dx = p
∞∑
n=0
αn/px
n−1dx,
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we have
Ω(x) −
1
p
Ω(xp) =
∞∑
n=0
(αn − αn/p)x
n−1dx =
∞∑
n=1
(αn − αn/p)x
n−1dx. (3.5)
The lemma follows since the coefficients of the differential form in (3.5) are divisible
by pωp(n).
Proof of Proposition 3.1. Set
Ω(t) =
∞∑
n=0
bnt
n−1dt. (3.6)
Suppose that (3.3) holds true. By Lemma 3.2 we observe that the congruences in
(3.3) are equivalent to
Ω(t)−
1
p
Ω(tp) = dΨ1(t), Ψ1(t) ∈ Z(p) [[t]] . (3.7)
By (3.2) we have
Ω(t(u)) =
∞∑
n=0
cnu
n−1du.
Once we show that
Ω(t(u))− Ω(t(up)) = dΨ(u) (3.8)
for some Ψ(u) ∈ Z(p) [[u]] we may conclude by Lemma 3.2 that (3.4) holds for all
ℓ, r ∈ N. Since a1 is a unit in Z(p), we can invert the power series in (3.1) and use
the same proof to show that (3.4) implies (3.3). Therefore, we only need to prove
that (3.3) implies (3.4).
To prove (3.8) we first observe
dt(u) =
∞∑
n=1
annu
n−1du (3.9)
and
dt(up) =
∞∑
n=1
annpu
pn−1du. (3.10)
Also observe that
t(u)np = t(up)n + npξn(u), (3.11)
where
ξn(u) =
∞∑
i=np
eiu
i ∈ Z(p) [[u]] .
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We see that
∑
n ξn(u) is a well defined power series in u. Using (3.6), (3.9), (3.10),
(3.11) and noting that the n = 0 terms cancel, we see that
dΨ1(t(u)) = Ω(t(u))−
1
p
Ω(t(u)p)
=
∞∑
n=1
bn
n
d(t(u)n)−
∞∑
n=1
bn
np
d(t(u)pn)
=
∞∑
n=1
bn
n
d(t(u)n)−
∞∑
n=1
bn · d
(
t(up)n
pn
+ ξn(u)
)
= Ω(t(u))−
1
p
Ω(t(up))− b0
dt(u)
t(u)
+
b0
p
dt(up)
t(up)
− dΨ2(u) (3.12)
for some Ψ2(u) ∈ Z(p) [[u]]. Thus to prove (3.8) we need only show that
dt(u)
t(u)
−
dt(up)
pt(up)
= dΨ3(u) (3.13)
for some Ψ3(u) ∈ Z(p) [[u]].
Since t(u) and t(up) are convergent in a neighborhood of u = 0 in R and t(u)
p
t(up) 6= 0
in a neighborhood of u = 0, we can take the log of t(u)
p
t(up) . Observe that
1
p
log
(
t(u)p
t(up)
)
= log
(
1 + t˜(u)
)
−
1
p
log(1 + t˜(up))
where t˜(u) =
∑∞
n=2
an
a1
un−1 ∈ Z(p) [[u]]. Therefore,
1
p
log
(
t(u)p
t(up)
)
=
∞∑
n=1
(−1)n+1
t˜(u)n
n
−
1
p
∞∑
n=1
(−1)n+1
t˜(up)n
n
.
Differentiating gives
dt(u)
t(u)
−
dt(up)
pt(up)
=
∞∑
n=1
(−1)n+1
(
d(t˜(u)n)
n
−
d(t˜(up)n)
np
)
,
which is a differential form with coefficients in Z(p). By the same reasoning as in
(3.11) we have
dt(u)
t(u)
−
dt(up)
pt(up)
=
∞∑
n=1
(−1)n+1
(
d(t˜(u)n)
n
−
d(t˜(u)np − npξ˜n(u))
np
)
for some
ξ˜n(u) =
∞∑
i=np
e˜iu
i ∈ Z(p) [[u]] .
Hence,
dt(u)
t(u)
−
dt(up)
pt(up)
=
∞∑
n=1
(−1)n+1
(
d(t˜(u)n)
n
−
d(t˜(u)np)
np
+ d(ξ˜n(u))
)
= Ω˜(t˜(u))−
1
p
Ω˜(t˜(u)p) + dΨ4(u) (3.14)
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for some Ψ4(u) ∈ Z(p) [[u]] where
Ω˜(t˜) =
∞∑
n=1
(−1)n+1t˜n−1dt˜ =
∞∑
n=1
dnt˜
n−1dt˜.
Since dℓpr ≡ dℓpr−1 mod p
r for all primes p and for all ℓ, r ∈ N, we have
Ω˜( ˜t(u))−
1
p
Ω˜(t˜p(u)) = dΨ5(t˜(u)) (3.15)
for some Ψ5(t˜) ∈ Z(p)
[[
t˜
]]
by Lemma 3.2. Therefore, (3.13) holds by combining
(3.14) and (3.15).
4. Proof of Theorem 1.1
Choose an integer N , a Dirichlet character χ modulo N , and a positive integer k
such that M˜k(Γ0(N), χ) satisfies (⋆). Fix
t = q +
∞∑
n=2
anq
n ∈ M˜0(Γ0(N), ψ),
where ψ is any Dirichlet character modulo N , such that the zeros and poles of t are
supported at the cusps (See Table 2 for examples of such t). We use multiplication
by
q dt
dq
t as a linear transformation to find f ∈ M˜k(Γ0(N), χ) such that the power
series coefficients of f in t satisfy congruence relations.
Remark 4.1. Because the zeros and poles of t are supported at the cusps, we
have
q dt
dq
t ∈ M˜2(Γ0(N)). Therefore, multiplication by
q dt
dq
t is an injective linear
transformation:
M˜k(Γ0(N), χ) 7−→ M˜k+2(Γ0(N), χ)
f 7−→ f
q dtdq
t
.
Proof of Theorem 1.1. Let N , χ, k, t, and ψ be the same as above.Recall that
M˜k(Γ0(N), χ) satisfies (⋆), which implies that
dim M˜k(Γ0(N), χ) + dim E˜k+2(Γ0(N), χ) > dim M˜k+2(Γ0(N), χ).
By a simple dimension argument, there exists non-zero
f =
∞∑
n=0
fnq
n ∈ M˜k(Γ0(N), χ)
such that
f
q dtdq
t
∈ E˜k+2(Γ0(N), χ).
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Using our explicit basis for E˜k+2(Γ0(N), χ) from Section 2, we have
f
q dtdq
t
=
∞∑
n=0
cnq
n =
∑
i
αi
βi
Ek+2,χi,ψi(diz)
where αi, βi ∈ Z and gcd(αi, βi) = 1. Recall that χi, ψi are primitive Dirichlet
characters modulo Li,Ri. Furthermore, LiRidi|N . There exists D ∈ N such that
f, t, f
q dtdq
t
∈ Z
[
1
D
]
[[q]] .
By Lemma 2.2, we have cℓpr ≡ cℓpr−1 mod p
r for all ℓ, r ∈ N and for all primes
satisfying p ∤ D
∏
i βidi and χi(p) = 1 for all i. Write f =
∑
bnt
n. We have[
∞∑
n=0
bnt
n
]
dt
t
= f
dt
t
=
[
∞∑
n=0
cnq
n
]
dq
q
. (4.1)
Observe that t is convergent in some neighborhood of q = 0 in R. Apply Proposition
3.1 with u = q to (4.1). We obtain
bℓpr ≡ bℓpr−1 mod p
r
for all ℓ, r ∈ N and for all primes satisfying p ∤ D
∏
i βidi and χi(p) = 1 for all i.
We obtain the values for p in Table 1 by considering the χi in the explicit basis for
E˜k+2(Γ0(N), χ).
Theorem 1.1 and Table 1 give us families of congruences in a very general setting,
but we can obtain better results in some settings.
Remark 4.2. In Table 1, we state that congruences are obtained for values of p
such that
(
p
3
)
= 1. However, dim M˜k(Γ0(N)) = 1 + k. The Eisenstein subspace of
weight k has a three dimensional subspace spanned by Ek(z), Ek(3z) and Ek(9z),
where Ek(z) is the Eisenstein series of weight k on SL2(Z). By the argument of
Theorem 1.1, there exists a modular form of weight k such that the corresponding
congruence bℓpr ≡ bℓpr−1 mod p
r holds for all but finitely many primes p, not just
for primes satisfying
(
p
3
)
= 1.
If we assume a slightly stronger hypothesis in Theorem 1.1, we obtain
Corollary 1.3.
Proof of Corollary 1.3. Choose an integer N = 2, 3, 5, 7 or 13, a real-valued
Dirichlet character χ modulo N , and a positive integer k such that
dim M˜k(Γ0(N), χ) = dim M˜k+2(Γ0(N), χ).
By a simple dimension argument, there exists
f1 =
∞∑
n=0
f1,nq
n ∈ M˜k(Γ0(N), χ)
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such that
f1
q dtdq
t
=
∞∑
n=0
c1,nq
n = Ek,χ0,χ(z).
By (2.1) and (2.2) we have c1,ℓpr ≡ c1,ℓpr−1 mod p
r for all ℓ, r ∈ N and for all
primes p. Write f1 =
∑
b1,nt
n. By the same argument as above, we obtain
b1,ℓpr ≡ b1,ℓpr−1 mod p
r
for all but finitely many primes p and for all ℓ, r ∈ N .
If χ 6= χ0, we can find f2 ∈ M˜k(Γ0(N), χ) such that
f2
q dtdq
t
=
∞∑
n=0
c2,nq
n = Ek,χ,χ0 (z).
By (2.1) and (2.2) we have c2,ℓpr ≡ χ(p)c2,ℓpr−1 mod p
r for all ℓ, r ∈ N and for all
primes p. Write f2 =
∑
b2,nt
n. If we inspect the formula for Ek,χ,χ0 (z) in Section
2 we see it, and thus f2, has no constant term since the conductor of χ is greater
than 1. Therefore, we have[
∞∑
n=1
b2,nt
n
]
dt
t
= f2
dt
t
= Ek,χ,χ0 (z) =
[
∞∑
n=1
cnq
n
]
dq
q
. (4.2)
We obtain
b2,ℓpr ≡ χ(p)b2,ℓpr−1 mod p
r
by [1, Proposition 3]. Beuker’s result applies here because (4.2) involves power series
instead of Laurent series.
5. Examples From Theorem 1.1
Though Theorem 1.1 only guarantees congruences for the power series coefficients
of f =
∑
bnt
n where bn ∈ Q, we have many examples where bn ∈ Z for all n.
5.1. Example for Γ0(2)
Let
f =
η16(z)
η8(2z)
∈ M˜4(Γ0(2))
and
t =
g
f
=
η24(2z)
η24(z)
.
We have f
q dt
dq
t ∈ E˜6(Γ0(2)) with Fourier expansion
f
q dtdq
t
=
∞∑
n=0
cnq
n = 1 + 8
∞∑
n=1
σ5(n)q
n − 512
∞∑
n=1
σ5(n)q
2n.
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Write
f =
∞∑
n=0
bnt
n = 1−16t+496t2−19456t3+860656t4−40950016t5+2046002176t6+. . . .
We have
bℓpr ≡ bℓpr−1 mod p
r (5.1)
for all primes p 6= 2 and all ℓ, r ∈ N by Theorem 1.1. Observing that cℓ·2r ≡ cℓ·2r−1
mod 2r for all ℓ, r ∈ N, we have (5.1) for p = 2 as well.
5.2. Examples for Γ0(3) with character
(
•
3
)
Let
f1 =
η9(z)
η3(3z)
, f2 =
η9(3z)
η9(z)
,
and
t =
g
f
=
η12(3z)
η12(z)
.
We have f1, f2 ∈ M˜3
(
Γ0(3),
(
•
3
))
and f1
q dt
dq
t , f2
q dt
dq
t ∈ E˜5(Γ0(3),
(
•
3
)
) with Fourier
expansions
f1
q dtdq
t
=
∞∑
n=0
c1,nq
n = 3E5,χ0,( •3 )
(z)
and
f2
q dtdq
t
=
∞∑
n=0
c2,nq
n = E5,( •3 ),χ0
(z)
. Write
f1 =
∞∑
n=0
b1,nt
n = 1− 9t+135t2− 2439t3+48519t4− 1023759t5+22478121t6+ . . . .
and
f2 =
∞∑
n=0
b2,nt
n = t− 9t2+135t3− 2439t4+48519t5− 1023759t6+22478121t7+ . . . .
We have
b1,ℓpr ≡ b1,ℓpr−1 mod p
r (5.2)
for all primes p satisfying
(
p
3
)
= 1 and all ℓ, r ∈ N by Theorem 1.1. By Corollary 1.3,
we actually have (5.3) for all primes p. We have
b2,ℓpr ≡
(p
3
)
b2,ℓpr−1 mod p
r (5.3)
for all primes p and all ℓ, r ∈ N by Corollary 1.3.
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5.3. Example for Γ0(4) with character
(
−4
•
)
Let
f = Θ2(z) =
(
∞∑
−∞
qn
2
)2
, t1 =
η8(z)η16(4z)
η24(2z)
, t2 =
η24(z)η24(4z)
η48(2z)
.
We have f
q
dt1
dq
t1
, f
q
dt2
dq
t2
∈ E˜3(Γ0(4),
(
−4
•
)
) with Fourier expansions
f
q dt1dq
t1
=
∞∑
n=0
cnq
n = −4E3,χ0,(−4
•
)(z) = 1−4q−4q
2+32q3−4q4−104q5+32q6+192q7−4q8+. . .
and
f
q dt2dq
t2
= −4E3,χ0,(−4
•
)(z)−16E3,(−4
•
),χ0(z) = 1−20q−68q
2−96q3−260q4−520q5−480q6+. . . .
Write
f =
∞∑
n=0
bnt
n
1 = 1+4t1+36t
2
1+400t
3
1+4900t
4
1+63504t
5
1+853776t
6
1+11778624t
7
1+. . .
and
f =
∞∑
n=0
b˜nt
n
2 = 1+4t2+100t
2
2+3600t
3
2+152100t
4
2+7033104t
5
2+344622096t
6
2+ . . . .
We have the congruence relations
bℓpr ≡ bℓpr−1 mod p
r (5.4)
and
b˜ℓpr ≡ b˜ℓpr−1 mod p
r
for p satisfying
(
−4
p
)
= 1 and for all ℓ, r ∈ N by Theorem 1.1. M. Somos [9,
A002894, A127776] observed that bn =
(
2n
n
)2
and b˜n =
(
2n
n!
∏n−1
j=0 4j + 1
)2
. Since
cℓpr ≡ cℓpr−1 mod p
r for all primes p and for all ℓ, r ∈ N by (2.1) and (2.2), we
actually have (5.4) for all primes p.
5.4. Example for Γ0(5) with character
(
•
5
)
: Example 1 Revisited
Let
f =
η5(z)
η(5z)
∈ M˜2
(
Γ0(5),
(•
5
))
and
t =
η6(5z)
η6(z)
.
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We have f
q dt
dq
t ∈ E˜4(Γ0(5),
(
•
5
)
) with Fourier expansion
f
q dtdq
t
=
∞∑
n=0
cnq
n = E4,χ0,( •5 )
.
Write
f =
∞∑
n=0
bnt
n = 1−5t+35t2−275t3+2275t4−19255t5+163925t6−1385725t7+ . . . .
We have
bℓpr ≡ bℓpr−1 mod p
r (5.5)
for all primes p satisfying
(
p
5
)
= 1 and for all ℓ, r ∈ N by Theorem 1.1. By Corollary
1.3 we actually have (5.5) for all primes p.
5.5. Example for Γ0(8)
Let
f =
η(z)4η(4z)10
η6(2z)η4(8z)
∈ M˜2(Γ0(8))
and
t =
η2(2z)η4(8z)
η4(z)η2(4z)
.
We have f
q dt
dq
t ∈ E˜4(Γ0(8)) with Fourier expansion
f
q dtdq
t
=
∞∑
n=0
cnq
n = 1− 16
∞∑
n=1
σ3(n)q
4n + 256
∞∑
n=1
σ3(n)q
8n.
Write
f =
∞∑
n=0
bnt
n = 1− 4t+ 24t2 − 160t3 + 1112t4− 7904t5+ 57024t6− 416000t7+ . . . .
We have
bℓpr ≡ bℓpr−1 mod p
r (5.6)
for all primes p 6= 2 and for all ℓ, r ∈ N by Theorem 1.1. Observing that
cℓ·2r ≡ cℓ·2r−1 mod 2
r for all ℓ, r ∈ N, we have (5.6) for p = 2 as well.
6. Additional Families of Congruences Via the Method of
Theorem 1.1
In Section 5, we computed explicit examples of power series of a modular form f
in a modular function t. Here, we show how the method from Theorem 1.1 can be
applied to several additional settings.
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6.1. Atkin-Lehner Eigenspaces
The space Mk(Γ0(N), χ) can be decomposed into a direct sum of Atkin-Lehner
eigenspaces. This can yield additional families of congruences. For example, let
N = 10 and let Mk(Γ0(10), ǫ2, ǫ5) denote the subspaces of modular forms that are
eigenfunctions for the Atkin-Lehner operators w2 and w5 with eigenvalues ǫ2 and
ǫ5 respectively. We have the dimension formulas,
dimMk(Γ0(10),+,+) = 1− k/2 + ⌊3k/8⌋+ 2⌊k/4⌋
dimMk(Γ0(10),+,−) = k/2 + ⌊3k/8⌋ − 2⌊k/4⌋
dimMk(Γ0(10),−,+) = k/2− ⌊3k/8⌋+ ⌊k/4⌋
dimMk(Γ0(10),−,−) = k/2− ⌊3k/8⌋+ ⌊k/4⌋.
If we set
t(z) =
(
η(2z)η(10z)
η(z)η(5z)
)4
.
Then h = qdt/tdq ∈M2(Γ0(10),−,+). Notice that for k ≡ 2 mod 4 we have
dimMk(Γ0(10),+,−) = dimMk+2(Γ0(10),−,−).
This implies there is a modular form f in Mk(Γ0(10),+,−) such that fh ∈
Ek+2(Γ0(10),−,−). Write f =
∑
bnt
n. By the methods of Theorem 1.1, this will
give us congruences of the form
bℓpr ≡ bℓpr−1 mod p
r
for all but finitely many primes p subject to some character conditions and for all
ℓ, r ∈ N.
6.2. Hecke Eigenforms
Hecke eigenforms which are cusp forms have congruence relations similar to those
of the Eisenstein series. We can use these relation to obtain congruences similar to
those in Theorem 1.1. This has been previously studied by [11]. Instead of using the
tool proved in Section 3, we can apply [1, Proposition 3]. Although Beukers only
proves his theorem for differential forms with coefficients in Z (or Zp), it is easy
to see that a similar statement holds true when we look at differential forms with
coefficients in a number field F .
For example, choose N a positive integer, a Dirichlet character χ mod-
ulo N , and a positive integer k from Table 3. Therefore, dimMk(Γ0(N), χ) =
dimMk+2(Γ0(N), χ). Choose a normalized Hecke eigenform
g =
∞∑
n=1
anq
n ∈Mk+2(Γ0(N), χ)
and choose
t = q +
∞∑
n=2
anq
n ∈M !0(Γ0(N), ψ)
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such that the zeros and poles of t are supported at the cusps, where ψ is any Dirichlet
character modulo N . Therefore, exists f ∈ Mk(Γ0(N), χ) such that f
q dt
dq
t = g. We
know that
aℓpr − apaℓpr−1 + p
k+1aℓpr−2 = 0
for all primes p ∤ N and all r, ℓ ∈ N. Write f =
∑
bnt
n, and we obtain
bℓpr − apbℓpr−1 + p
k+1bℓpr−2 ≡ 0 mod p
r
for all but finitely many primes p and all r, ℓ ∈ N.
Similarly, let σ0(N) denote the number of divisors of N . Suppose
dimMk+2(Γ0(N)) < dimMk(Γ0(N)) + σ0(N).
Let
g =
∞∑
n=1
anq
n
be a normalized Hecke eigenform of weight k+2 on SL2(Z). By a simple dimension
argument, we can find f ∈Mk(Γ0(N)) such that
f
q dtdq
t
=
∑
d|N
αdg(dz).
Write f =
∑
bnt
n. We have
bℓpr − apbℓpr−1 + p
k+1bℓpr−2 ≡ 0 mod p
r
for all but finitely many primes p and all r, ℓ ∈ N.
7. A Related Approach To Obtaining Families of Congruences
In the proof of Theorem 1.1, we use multiplication by
q dt
dq
t as a linear transforma-
tion to produce infinite families of modular forms f whose power series coefficients
in a weakly holomorphic modular function t exhibit congruence relations. We can
produce different infinite families of examples by using an alternate linear transfor-
mation. In Section 8, we give several examples where the modular function t is not
weakly holomorphic.
Definition 7.1. Let g, f ∈Mk(Γ0(N), ǫ). We define
Φg(f) =
θ(f)g − θ(g)f
g
. (7.1)
Lemma 7.2. Suppose g, f ∈ Mk(Γ0(N), ǫ) have ν∞(g) = h˜ and ν∞(f) = h.
Further suppose that the zeros of g on H are also zeros of f . We have
Φg(f) ∈Mk+2(Γ0(N), ǫ) and
ν∞(Φg(f)) =
{
h if h 6= h˜;
≥ h+ 1 if h = h˜.
September 22, 2018 18:10 WSPC/INSTRUCTION FILE congruencespa-
per
Congruences Among Power Series Coefficients of Modular Forms 19
If g is non-zero on H, then
Φg : Mk(Γ0(N), ǫ)→Mk+2(Γ0(N), ǫ)
is a linear transformation and kerΦg is spanned by g.
Proof. If the zeros of g are also zeros of f on H, then a calculation with the
q-expansions of f and g gives us the first part of the lemma.
If g is non-zero on H and if Φg(f) = 0, then f ′g − g′f = 0. Therefore,
g′
g =
f ′
f .
From Table 3, fix an integer N , a character χ modulo N , and an integer k > 0.
Choose any
g = q +
∞∑
n=2
gnq
n ∈ M˜k(Γ0(N), χ)
such that the zeros of g are supported at the cusps. In Lemma 7.3,
we show there exist f ∈ M˜k(Γ0(N), χ) and t ∈ M˜0(Γ0(N)) such that
Φg(f) = f
q dt
dq
t ∈ E˜k+2(Γ0(N), χ). We then prove Theorem 1.6 with the same
method used for Theorem 1.1.
Lemma 7.3. From Table 3, choose an integer N , a character χ modulo N , and an
integer k > 0. Suppose we have g ∈ M˜k(Γ0(N), χ) such that its zeros are supported
at the cusps and it has Fourier expansion
g = q +
∞∑
n=2
gnq
n.
Then there exists f ∈ M˜k(Γ0(N), χ) with Fourier expansion
f = 1 +
∞∑
n=1
fnq
n,
and Φg(f) ∈ E˜k+2(Γ0(N), χ).
Proof. From Table 3, choose an integer N , a character χ modulo N , and an integer
k > 0. Observe that
dim M˜k(Γ0(N), χ) = dim M˜k+2(Γ0(N), χ), (7.2)
and that
dim(E˜k+2(Γ0(N), χ)) = 2 (7.3)
by dimension formulas [4, p. 85-92]. Combining Lemma 7.2 and (7.2), we have
dim(ker(Φg)) + dim(im(Φg)) = dim M˜k(Γ0(N), χ) = dim M˜k+2(Γ0(N), χ)
and
dim (im(Φg)) = dim M˜k+2(Γ0(N), χ)− 1. (7.4)
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By (7.3), (7.4), and basic facts about vector spaces, we have
dim
(
im(Φg) ∩ E˜k+2(Γ0(N), χ)
)
≥ 1.
Therefore there exists a non-zero f ∈ M˜k(Γ0(N), χ) such that
Φg(f) ∈ E˜k+2(Γ0(N), χ).
It remains to show that ν∞(f) = 0.
Suppose by way of contradiction that ν∞(f) > 0. We have ν∞(Φg(f)) ≥ 2 by
Lemma 7.2. However, we have an explicit C-basis for Ek+2(Γ0(N), χ) from Section
2. The basis elements described in Section 2 have coefficients in Q for our values of
N and χ; thus, these elements form a Q-basis for E˜k+2(Γ0(N), χ). If χ = χ0, then
Ek+2,χ0,χ0(z) = −
Bk+2,χ0
2k + 4
+ q + . . .
and
Ek+2,χ0,χ0(Nz) = −
Bk+2,χ0
2k + 4
+ qN + . . .
form a basis for E˜k+2(Γ0(N)). If χ 6= χ0, then
Ek+2,χ0,χ (z) = −
Bk+2,χ0
2k + 4
+ q + . . .
and
Ek+2,χ,χ0 (z) = q + . . .
form a basis for E˜k+2(Γ0(N), χ). Noting that
Bk+2,χ0
2k+4 6= 0 and examining the above
bases, we observe that any non-zero element of E˜k+2(Γ0(N), χ) has order of van-
ishing at most 1 at infinity, which is a contradiction. Hence, there exists
f = 1 +
∞∑
n=1
fnq
n ∈ M˜k(Γ0(N), χ)
such that Φg(f) ∈ E˜k+2(Γ0(N), χ).
Observe that by adding multiples of g to f in the previous lemma we can trivially
find infinitely many f ∈ M˜k(Γ0(N), χ) such that Φg(f) ∈ E˜k+2(Γ0(N), χ).
Proof of Theorem 1.6. From Table 3, choose an integer N , a character χ modulo
N , and an integer k > 0. Choose any
g = q +
∞∑
n=2
gnq
n ∈ M˜k(Γ0(N), χ)
such that the zeros of g are supported at the cusps. (For examples of such g, choose
A and B from Table 4 and an integer n such that g = A ·Bn ∈ M˜k(Γ0(N), χ).)
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By Lemma 7.3 there exists
f = 1 +
∑
fnq
n ∈ M˜k(Γ0(N), χ)
such that
Φg(f) ∈ E˜k+2(Γ0(N), χ).
Let t = gf ∈ M˜0(Γ0(N)) and observe that Φg(f) = f
q dt
dq
t . Using our explicit basis
for E˜k+2(Γ0(N), χ) from Section 2, we have
Φg(f) = f
q dtdq
t
=
∞∑
n=0
cnq
n =
2∑
i=1
αi
βi
Ek+2,χi,ψi(diz)
where αi, βi ∈ Z and gcd(αi, βi) = 1. Recall that χi, ψi are primitive Dirichlet
characters modulo Li,Ri. Furthermore, LiRidi|N . In either case, there exists D ∈ N
such that we have
t =
∞∑
n=1
anq
n ∈ Z
[
1
D
]
[[q]] ,
and
Φg(f) = f
q dtdq
t
=
∞∑
n=0
cnq
n ∈ Z
[
1
D
]
[[q]] .
By Lemma 2.2, we have cℓpr ≡ cℓpr−1 mod p
r for all ℓ, r ∈ N and for all primes p
satisfying χ(p) = 1 and p ∤ Dd1d2β1β2. Therefore,[
∞∑
n=0
bnt
n
]
dt
t
= f
dt
t
=
[
∞∑
n=0
cnq
n
]
dq
q
. (7.5)
Observe that t is convergent in some neighborhood of q = 0 in R. Apply Proposition
3.1 with u = q to (7.5). We obtain
bℓpr ≡ bℓpr−1 mod p
r
for all ℓ, r ∈ N and for all primes satisfying χ(p) = 1 and p ∤ Dd1d2β1β2.
8. Examples From Theorem 1.6
We obtain Example 5.1 from Theorem 1.6 by choosing g = η
16(2z)
η8(z) , f =
η16(z)
η8(2z) ,
and t = η
24(2z)
η24(z) . We obtain Example 5.2 from Theorem 1.6 by choosing g =
η9(3z)
η3(z) ,
f = η
9(z)
η3(3z) , and t =
η12(3z)
η12(z) .
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8.1. Example for SL2(Z)
Let g = ∆ = η24(z) ∈ M˜12(SL2(Z)). We calculate that Φg(E12) = E14. Let t = ∆E12 .
Write
E12 =
∞∑
n=0
bnt
n = 1 +
65520
691
t+
98146535760
477481
t2 +
27376196366937600
329939371
t3 + . . . .
We have bℓpr ≡ bℓpr−1 mod p
r for all primes p 6= 691 and for all ℓ, r ∈ N by
Theorem 1.6.
Similarly, let g˜ = ∆2 = η48(z) ∈ M˜24(SL2(Z)). We calculate that
Φg˜(∆ ·E12) = E14 ·∆ =
∞∑
n=1
cnq
n.
Let t˜ = ∆
2
∆·E12
= ∆E12 . Write
∆ · E12 =
∞∑
n=0
bnt˜
n = t+
131040
691
t2 +
200585941920
477481
t3 +
67613514779865600
329939371
t4 . . . .
We have bℓpr − cpbℓpr−1 + p
25bℓpr−2 ≡ 0 mod p
r for all but finitely many primes p
and for all ℓ, r ∈ N by [1, Proposition 3].
8.2. Example for Γ0(5)
Let
g = η4(z)η4(5z) ∈ M˜4(Γ0(5))
and
f = 1+ 10q+ 80q2+ 260q3+ 680q4 + 1390q5+ 2320q6+ 3180q7+ · · · ∈ M˜4(Γ0(5)).
Further let
t =
g
f
= q − 14q2 + 62q3 + 248q4 − 4485q5 + 17012q6 + 99186q7 + . . . .
Then Φg(f) ∈ E˜6(Γ0(5)) and
Φg(f) =
∞∑
n=0
cnq
n =
1
126
E6(z)+
125
126
E6(5z) = 1− 4
∞∑
n=1
σ4(n)q
n− 500
∞∑
n=0
σ4(n)q
5n.
Write
f =
∞∑
n=0
bnt
n = 1+ 10t+ 220t2+ 5800t3+ 171400t4+ 5428240t5+ 180197200t6 . . . .
We have
bℓpr ≡ bℓpr−1 mod p
r (8.1)
for all primes p ∤ 5 · 126 and for all ℓ, r ∈ N by Theorem 1.6. Observing that
cℓpr ≡ cℓpr−1 mod p
r for all primes p and for all ℓ, r ∈ N, we actually have (8.1) for
all primes p.
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8.3. Example for Γ0(7) with character
(
•
7
)
Let
g = η(z)3η(7z)3, f = 1+5q+27q2+56q3+109q4+168q5+280q6+· · · ∈ M˜3
(
Γ0(7),
(•
7
))
,
then
t =
g
f
= q − 8q2 + 13q3 + 100q4 − 512q5 − 164q6 + 8684q7 + . . .
and Φg(f) ∈ E˜5(Γ0(7),
(
•
7
)
) with Fourier expansion
Φg(f) =
∞∑
n=0
cnq
n = f
q dtdq
t
=
1
16
E5,χ0,( •7 )
(z)−
49
16
E5,( •7 ),χ0
(z).
Write
f =
∞∑
n=0
bnt
n = 1+5t+67t2+1063t3+19091t4+368623t5+7475497t6+157030949t7+. . . .
We have
bℓpr ≡ bℓpr−1 mod p
r
for p 6= 2 satisfying
(
p
7
)
= 1 and for all ℓ, r ∈ N by Theorem 1.6.
9. Concluding Remarks
In our theorems, we have only examined modular forms on genus zero Γ0(N). How-
ever, many examples exist for modular forms on subgroups of higher genus (see
[6,11]). An infinite family of examples on a subgroup of higher genus would be
interesting.
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